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Abstract 
We compute the vector space T’ of first-order infinitesimal deformations for affine toric 
varieties X,. The result is given by two different formulas which use combinatorial data of the 
given cone o only. One of these formulas suggests that there is a relation between deformations 
of affine toric varieties, on the one hand, and splitting of certain polyhedra into a Minkowski 
sum, on the other hand. As an application, the result is used to investigate when three- 
dimensional affine toric varieties are rigid. 
1. Introduction 
1.1. Let X be an algebraic variety (affine, complete or a germ) over @. Then, the 
corresponding deformation functor is defined as 
Defx((T, 0)) = (2 + T (flat) together with an isomorphism between 
the special fibre and X} (modulo equivalence). 
If X admits only isolated singularities (i.e. X is a smooth manifold except in finitely 
many points), there exists the semiuniversal deformation [% + S] E Defx(S) that is 
characterized by the following property: 
Given an arbitrary deformation [r? + T] E Def*(T), there exists a map T-+ S 
(uniquely determined on the level of tangent spaces) such that this deformation is 
induced by the semiuniversal one. That means, up to equivalence, we have a fibre 
product diagramme 
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compatible with the isomorphisms between the special fibres and X. 
Now, the idea is to obtain information about X by describing the base space S of its 
semiuniversal deformation. Numbers such as the dimension, the embedding dimen- 
sion or the number of irreducible components of S at 0 provide interesting numerical 
invariants of X. 
1.2. Let us denote the ring C[t]/t’ by the symbol a=[&] (i.e. the relation .s2 = 0 is 
included). Then, the non-reduced space Spec C [E] is a fat point containing not only 
information about the point but also about the tangent direction starting from this 
point. Therefore, the tangent-space r,,, of S in 0 can be computed as 
7& = {SpeccC[s] + (S, 0)} = Def,(Spec@[a]). 
This vector space is an important invariant of the space X. It is denoted by Tk, and its 
dimension is equal to the embedding dimension of S. 
For defining T$ = Def,(Spec C [E]) it is not necessary that X admits only isolated 
singularities, and we will drop this assumption from now on. (But then, Tk may be 
infinite-dimensional). 
1.3. There are two extremal cases for X: 
If X is a local variety (i.e. a germ or an affine variety), then the whole interest is 
concentrated on the singular points of X (Tk = 0 for smooth X). 
One may compute Tk using the well-developed machinery of cotangential 
complexes of X which provides Ti as a certain cohomology group (cf. [7] or 
[IS, Chapter 51). 
In the global case, even the case of a smooth variety X is not without interest: 
Deformations of X are always locally trivial, and computing T$ means to study how 
these local pieces are patched together. The result is Tk = H’(X, 0,) (0, denotes the 
tangent sheaf on X). 
In general, both extremal cases are combined by using the corresponding lo- 
cal-global spectral sequence for Ti. 
1.4. In this paper, we investigate the case of an affine variety X. Let us mention three 
“down to earth”-methods to compute Ti. 
We always use the following notations: 
l X = Spec A, i.e. A = T(X, 0,) is the ring of regular functions; 
l X of C” is given by the corresponding surjection C [x,, . . . , x,] -B A; 
0 I s @L-x,, . . . ,x,1 denotes the ideal of the embedding X L) C”. 
1.4.1. There are exact sequences of Ox-sheaves 
or of A-modules 
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0 Der,(A, A) M A” - Hom,(Z/12, A) + Tk + 0 
D - (Wd....>Wx.)) 
ei I ’ Cf E 1 ++ a_L/axil 
respectively. (0, = Derc(A, A) denotes the tangent sheaf, i.e. the derivations from A to 
A; Ocn = @‘=i C[x,, . . . ,x,].a/dx, g @[x1, . . . ,x,1”; _Vxlc. = Hom,(Z/Z2, A) de- 
notes the normal sheaf of X w C”.) See [S, Chapter 51. 
Example. If X = [f= 0] is a hypersurface, then Hom,(flf2, A) z A (cp H cp(f)), 
and Ti can be given as 
1.4.2. Let A be a reduced ring. Then, T: is computable as T: = Ext:(Qi,c, A) 
(Q A,@ = sheaf of Kahler differentials, i.e. Ox = Hom(Q,!,c, A)) (cf. [S, Chapter 51). 
1.4.3. Let X = SpecA be a normal surface singularity with the only singular point 
0 E X. Then, T$ is the kernel of the map 
H’(X\O, @x,0)+ H’(X\O, @@“,x*0 ) 
(cf. [9, Section 11). 
Remark. The embedding T$ c H’(X\O, Oxio) corresponds to the restriction map 
Defx + Defxio. 
1.5. The aim of this paper is to compute Ti for affine toric varieties by using the 
method 1.4.2. The result is given in the Theorems 2.3 and 4.4. (In [6] a very abstract 
theory that deals with cohomology groups of semigroup algebras was developed. 
Nevertheless, direct formulas for computing T$ were obtained in the cyclic quotient 
case (dim X = 2) only.) 
2. The first T’-formula for affine toric varieties 
2.1. For the notion of toric varieties cf. [3], [4] or [S]. We only want to fix the 
following notations: Let G s R” be a rational, polyhedral cone with vertex in 0; let 
ir = {I E R” 1 (a, r) 2 0 for all a E cr} be the dual cone. The corresponding lattices 77” are 
denoted by IV E R” and A4 E R”, respectively. Then, the affine toric variety X, is 
defined as 
X, = Spec C[6 n M]. 
2.2. Let E be the minimal set that generates the semigroup ir n M. That means, E is 
finite and consists exactly of the irreducible elements of ir n M: 
{r~irnMlr#0,andr=r’+r2(ri~~nM)always 
implies r1 = 0 or r2 = O}. 
E= 
In case of X = X(n, q) we can develop n/(n - q) into a continued fraction Example. 
n 1 
---=a 1- 
n-q 1 
a, - - 
a3 
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Remark. As generally known, the affine toric varieties are exactly those affine, normal 
varieties admitting a (@*)“-action with an open, dense orbit. 
Example. The two-dimensional cyclic quotient singularities are exactly the two- 
dimensional affine toric varieties. If X(n, q) denotes the quotient by the Z/n??-action 
i” ++ (5, &) (t =.;/i), then X(n, 9) is given by the cone cs = ((LO); (-q, n)). 
We will use these singularities as an example to illustrate how the general formula 
for T’ works. 
(ai 2 2). Then, E is given as the set E = {w’, . . . , w*+ ‘} with elements w’EZ’ and 
0 w” = [O, 11, w1 = [l, 11, wr+l = [n, q]; 
0 wi-l +wi+l = ai.wi(i= l,...,r)(cf. [2]). 
See Fig. 1. 
2.3. Ti is a C[ir n Ml-module which also admits an M-grading. Therefore, we 
choose and fix an arbitrary element REM - the corresponding task will be to 
compute the (always finite-dimensional) homogeneous piece Ti( -R). 
If 0 c 58” is given by its fundamental generators 0 = (a’, . . . , aN) (i.e. ai are the 
edges of cr, and the dual cone is given by 6 = {r E [w” 1 (a’, r) 2 0 for i = 1, . . . , IV}), 
then we define the following sets: 
Ki = {rcirnMl(O I)( a’,r)<(a’,R)} (i=l,..., N), 
Ei= EnKi (i= l,...,N), 
E’ = 6 Ei. 
i=l 
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Fig. 1. 
Attention: Though it is not visible in the notation: The sets Ki, Ei and E’ depend on 
the special choice of the lattice point REM (see Fig. 2). 
Theorem. 
If F G R” is an arbitrary subset, we denote by L(F) the vector space of all linear 
dependences between elements of F. 
Take the canonical embeddings L(E,) L) L(E’). 
2.4. Let us explain this theorem for cyclic quotient singularities X = X(n, q). There 
are four different cases for the multidegree REM z 2’: 
(i) R = w1 (or analogously R = wr). We obtain El = {w”} and E2 = {w2, . . . ,w’+l}, 
and the theorem yields T’( -R) z C for r 2 2, and 0 for r = 1. 
(ii) R = wi (2<i<v-1). We obtain El={wo,...,wi-l} and EZ= 
{wi+l,...,wr+l }, and the theorem yields T’( -R) r C2. 
(iii) R = 1.w’ (1 I i 5 r, 2 5 11 ai for r 2 2, or i = 1, 2 I 11 a, for r = 1). We 
obtain El = (w”, . . . . wi} and E, = {w’, . . . . w’+‘}, and the theorem yields 
T’(-R) z @. 
(iv) For the remaining REM, either El c E2 or E2 c El or #(El n E2) 2 2. In all 
these cases the theorem yields T’( -R) = 0. 
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or 
K2 =0 
0 0 
Fig. 2. 
2.5. In [lo] Smilansky has proved the following result concerning the decomposition 
of a polyhedron P into a Minkowski sum: 
If P* denotes the dual polyhedron (vertices of P* correspond to facets of P), and if 
F* < P* runs through all faces that arise as dual ones of proper, compact faces of P, 
then 
i(P) = dim (D(P*)/xD(F*)) + 1 
(D(-) = vector space of the affine dependences between the vertices of the argument) is 
equal to the dimension of the summand set of P. In particular, P is decomposable into 
a non-trivial Minkowski sum if and only if l(P) = 1. 
As Bernd Sturmfels pointed out to me, the 1(P)-formula looks very similar to the 
Tk-formula written down in Theorem 2.3. This reflects the fact that there is a corres- 
pondence between the decomposition of certain polyhedra into a Minkowski sum and 
the deformation of affine toric varieties. (This has already been proved for one- 
parameter deformations and will appear in a forthcoming paper.) 
Example. (cf. (5.4) of Cl]). Let H c Rz be the hexagon H = conv{(O, 0); (l,O); (2, 1); 
(2, 2); (1, 2); (0, 1)); putting H into the affine hyperplane [z = l] G R3, we obtain 
a cone G = Cone(H) G R3. 
X, is a three-dimensional singularity (cone over a Del Pezzo surface) with 
dim, T: = 3. The whole vector space is concentrated in the single degree 
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R,, = [O,O, l] that defines the [z = II-plane containing H: 
G = (a1,a2 ,..., a6), Ir = {r’, r2, . . . ,r6) 
Then, the semigroup ir n M is generated by {Ro; rl, . . . , r6}, and we obtain Ei = 
{r’, ri”} (i = 1, . . . . 6; r’ = rl). These six sets consist of linear independent vectors 
only, i.e. 
ri( -R,) = L(r’, r2, . . . ,P)*@,@ 
= C6/(((a, r’), . . . . (a, P))/aE&) 
= Div Xc/Cart X+ OzC. 
(DivXe and Cart XG denote the sets of Weil and Cartier (i.e. principal) divisors, 
respectively. Divisors are determined by their so-called order functions (cf. [4]), hence, 
by giving six integers as values of r’, . . . , r6.) 
The base space of the semi-universal deformation consists of two irreducible 
components of dimension 1 and 2, respectively. 
These two components correspond to the following Minkowski decompositions of 
the hexagon H: 
(i) H = conv{(O, 0); (1, 1); (0, 1)) + conv { (0,O); (l,O); (1, l)} and 
(ii) H = conv((0,O); (l,O)} + conv((0,O); (0, 1)) + conv{(O, 0); (1, 1)). 
3. Proof of Theorem 2.3 
3.1. Let E c 6 n M be an arbitrary finite set that generates ir n M as a semigroup 
(minimality is not necessary); let Ki and Ei (for a fixed degree R E M) as defined in 2.3. 
As mentioned in 1.4.2 we have Ti = ExtkC+nM,(52k, @[irn M]), and the 
CC6 n Ml-module ai can be computed modulo its torsion by the following map (cf. 
C31): 
52$AMOz@[5nM] (V= MO,@), dx’ H r @ x’. 
That means, Q = Im @ = G?$/tors(a$) is the submodule of M @,C[C n M] that is 
generated by the elements B(r) = r 0 x” (r E E). On the other hand, @ is injective (i.e. 
Q = ai) outside a closed subset of X of codimension 2 (X, is normal), hence 
Ti = Ext&c_M,(Q, C[irn Ml). 
3.2. We want to build a C[G n Ml-free resolution of the module Q; hence, our first 
step has to be to determine the kernel of the surjection g = GlsEC[ir n M] .B(r) -Q. 
As we are in a graded situation, it will suffice to regard the M-homogeneous pieces 
of the kernel. They consist of the following elements: 
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If q E L(E) c [WE is a relation within E, i.e. CreE qr. r = 0, then we define 
C(q; 1) = 1 q; ximrB(r), 
*EE 
for those IEM such that 1 2 r for all r with qr # 0. (The partial ordering “2” on M is 
defined with respect to the cone 8. That means 12 r o 1 - r E 6.) 
By restricting to the set F c [WE of minimal relations q (up to a constant factor they 
are uniquely determined by the set of elements r EE that are involved) we obtain 
a finite set of generators of the kernel. (For each q E F only finitely many elements 1 are 
needed.) 
Attention: Since we are looking for generators of a certain @ [6 n Ml-module, it is 
not enough for F to consist of a linear basis of L(E) only. 
3.3. Analogously we determine the kernel of the map 
VT = @ C [6 n M] . C(q; 1) + @ @ [ir n M] B(r) = 98. 
qcF.i reE 
Now, there are two kinds of homogeneous generators: 
(i) D(q; II, 1,; q) = xq-“C(q; 11) - xqm’*C(q; 12) (for r] 2 1,,1,). 
(ii) If 5 E RF is a (minimal) relation within F, i.e. CqEF rq. q = 0, then we define 
for those v] E M such that rl 2 I, for all q with 5, # 0. 
3.4. By defining B, C and D to be homogeneous of the right degree (it is always visible 
in the last argument: r, 1 and I?, respectively), we obtain an M-graded complex of free 
C [6 n Ml-modules 
9 dc -%Z ds 998 
II 
@a=[;rn M].D& 
II 11 
@~[~~M].CA@C[~~M].B, 
D C B 
which is a resolution of Q. 
Now, we can compute Ti as the homology of the dualized complex. 
3.5. Denote by G one of the capital letters B, C and D. Then, an element cp of the dual 
free module (& @ [6 n M] . G)* can be described by considering elements 
g(x)E @[Er n M] to be the images of the generators G (g stands for b, c, or d, 
respectively). 
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For cp to be homogeneous of degree -REM, g(x) will have to be a monomial of 
degree 
degg(x) = -R + deg G. 
In particular, the corresponding complex coefficient g E @ (i.e. g(x) = g. .xmR+deg ‘) 
admits the property that 
g # 0 implies -R + degG 2 0 (i.e. -R + degGE6). 
Therefore, the homogeneous part of degree -R of the dualized complex 3.4* is equal 
to the complex 
of @-vector spaces with coordinates _b, _c, and _d, respectively: 
@?R = {b(?)E@E(b(r) = 0 for r-R&?}, 
=R = {C(q;l)qfF.l Ic(q; I) = 0 for 1 - R&5], 
gFR = {[d(q; 11,l~; VI), d(t;k vl)lid(q; II,~z; YI) = 0 for YI - R$ir, and 
d(<;j; y) = 0 for v] - R#C}. 
The differentials dz and d,* can be described by 
c(q; I) = C qr.b(r), and 
reE 
4q; 11,1,; rl) = c(q; I,) - c(q; /A, 
d(t;l; d = c t;c(q, LJ. 
FF 
3.6. To compute the homology we start describing the kernel V of the second 
differential. Setting _d = 0, the first observation we make is that c(q) = c(q; 1) does not 
depend on 1: 
P= CF = ((..., c(q),...)(qeF}. 
Now, we can interpret the remaining conditions “d(&J; yl) = 0” and “c(q; I) = 0 for 
1 - R$ir” to obtain 
v= {C(q)E t7(1) The complex numbers c(q) inherit all linear dependences from 
the original vectors q E F. (Equivalently: The linear equations 
(&E qr. x, = c:q) (q E F) admit a common solution _x = 
. ..) x,, . . . )Ea= .) 
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(2) The existence of an 1~ M with (a) 1 2 r for q1 z 0 and (b) 
1 - R$c? implies c(q) = O}. 
The image W of the first differential is easy to describe: 
IV= CE = {( . . . . b(r) ,... )IrEEf, 
W = {b(r) E $1 b(r) = 0 for Y - R$ir}. - 
Finally, the embedding W=-+ V is given by the formula 
c(q) = 1 ql’b(r), 
*cE 
and we obtain Tk( -R) = V/W. 
3.7. Now, it is time for involving the sets Ki. By definition 
u Ki = (5 n M)\(R + (6 n M)), 
i.e. for r occurring in the definition of W, the condition “r - R#C” is equivalent to 
“3 i: r E Ki”. 
For reformulating the conditions in the definition of V, too, we have to look closer 
at the sets Ki: 
Lemma (properties of the sets Ki). (1) (a’, R) I 0 ifs Ki = 0, (a’, R) = 1 ifs Ki = 
[~~‘-jii~e CJJ 81 n M, (a’, R) 2 2 ifs Ki contains an interior point of 5. 
(2) Ki is closed for descent, i.e. r EKE and 0 I s I r imply ~EK~. 
(3) Let (a’, . . . , ak) < cs be a smooth face of B (i.e. {a’, . . , a”} is a part of a Z-basis of 
the lattice N). Then, for elements rl, . . . ,r,,,~ ir n M the conditions 
(i) r,,...,r,,,gK1 n ... n Kk and 
(ii) 31 2 r,,...,r,,,: lgK1 n ... n Kk 
are equivalent. 
Proof. The only non-trivial part is the third one. It will be sufficient to prove it for 
m = 2. Let rI,rZEK1 n ... n Kk be given. 
Step 1. Since (a’ ,...,ak)<oisasmoothface,thereexistelementss’,...,sk~iTnM 
such that 
(a’, s’) = 6ij (1 I i, j I k). 
Step 2: We can assume that (a’, rI) = (a’, r2) for i = l,... ,k. (In fact, let 
(a’, rI) - (a’, r2) = gi 2 0. Then, r2 can be corrected by r2 = r2 + gi’s’.) 
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Step 3: Let s EM be an interior point of the dual face (a’, . . . , ak)* = (a’)’ n ... I-I 
(ak)’ n ir of the cone 8, i.e. 
(a’,s) =0 for i= l,...,k and 
(al’,s) >O for vf${l,..., k}. 
Hence. 
(ai,rl-rvz+g.s)=O fori=l,...,k and 
(a”,r,-rr,+g.s)>O forv#{l,...,k} and g*O, 
andwecandefinel=r,+g.s=r,+(r,-r,+g.s). 0 
We will need two special cases of the third part of the previous lemma: 
Corollary. Let cr= (a’,..., aN); r1 ,..., r,,,EirnM. 
(a) For i= l,...,N weobtain that 
r1 ,..., r,EKi $ 31 L rl, . . . . r,: 1EKi. 
(b) Let X, be smooth in codimension 2; let (a’, a’) < IS be a two-dimensionalface of 
the cone C. Then, we obtain 
rl,..., m r EKinKj ifs 312r,,...,r,:1EKinKj. 0 
Now, we can use (a) to reformulate the second condition contained in the definition 
of the vector space V (cf. 3.6). 
Altogether we obtain the following situation: 
V = { c(q)1 (1) The linear equations CreE q,. . x, = c(q) (q E F) admit a common - 
solution x. 
(2) For each q the condition {r 1 q,. # 0} G Ei (for some i) implies 
c(q) = 015 
W= {b(r)Ib(r) = 0 for rEE’}, 
Ti( -R) = V/W (W c V is embedded by c(q) = CreE ql. b(r)). 
3.8. Let @ be the following map: 
@: v+ L,(x)*, c(q) ++ - Q = C &.q F+ 1 t;c(q) . ¶EF 1 
(The first condition contained in the definition of V guarantees that @ is defined 
correctly. It does not depend on the special representation of Q as a linear combina- 
tion of elements q E F.) 
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3.8.1. Im @ z L,(Ei)’ for i = 1, ,.. , N: Let c(q)~ I/ and Q E L,(Ei). Then, since 
F c L,(E) is more than a linear basis (cf. 3.2), Q can be written as a linear combina- 
tion of elements q E F n Lc (Ei). We obtain 
<@(c(q))> Q> = @‘c(q)), 
= c <;c(q) = c <,,o = 0. 
~EF~.YE,) 4 
3.8.2. @: V+ ny= 1 Lc(Ei)’ ( s L,(E)*) is surjective: Let cp: L,(E) + @ be a linear 
map such that ~IL,,~,, = 0 for i = 1, . . . , N. Then, c(q) = (p(q) define an element of 
V that maps onto cp. 
3.8.3. Finally, the restriction to E’ G E provides the surjective maps 
It is clear that Ker @’ contains the vector space W. Let us look at the reversed 
inclusion: Given an element c(q)EKer @’ we obtain the following property: - 
If Q = 1 I&. q fulfils Q,. = 0 for r$E’, then 1 5,. c(q) = 0. 
qEF qtF 
But this means that the equations CrsE,E, qr. x, = c(q) (q E F) admit a common 
solution 3, i.e. c(q) is contained in W. 
Now, the proof of Theorem 2.3 is complete. 
4. The second T’-formula 
4.1. As in 2.3 we fix the degree REM. We are looking for a different Ti( -R)-formula 
that does not involve the semigroup structure of 6 n M (by using E) but only the 
structure of the real cone 5. 
Let us start with defining those vector spaces that play the crucial role in this 
formula: 
0 for (a’, R) I 0, 
& = span,(Ei) = [a’ = 0) _C Mlw for (a’, R) = 1, (i = 1, . . . ,N), 
Mm=IW” for (a’, R) 2 2, 
~j=span,(EinEj)~ KnK (i,j= l,..., N). 
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Remark. It is not necessary to have any information about the lattice points inside 
6 (or about E c Ir n M) for defining the vector spaces K. However, this statement is 
not true for the vector spaces Kj. 
4.2. Proposition. (i) Let 7c : VI @ ... @ V, +> VI + ... + VN be the canonical map, and 
let Kj G K n 4 be embedded as subspaces of Ker rc G VI @ ... @ V,. Then, 
T:(-R) = (Kern,/; Kj) OR@. 
(ii) For computing xi j ~j it is possible to restrict the sum to those pairs (i, j) such that 
(a’, aj) < o is a two-dimensional face (“edge”) of C. 
Proof. (i) We will use Theorem 2.3, hence, the first step of the proof is to define a map 
$ : L(E’) -+ Ker rr ,/x ~j. 
/ i,j 
For q~ L(E’) c RE’ there exists a (not unique) decomposition 
4 = 2 qi with qiE [WE’ c [WE’. 
i=l 
Then, vi = CrtE, qi.rE E are vectors with 
and we define 
rcl(q) =(Ul, . . . 30,). 
To investigate the behaviour of the vectors vl, . . . , uN by choosing different de- 
compositions q = c;~, qi = C;=, qi, we use induction on the number of pairs (i, r) 
such that qf # qi: 
Let qf, qi be different numbers (A = qf - qj). Then, there exists an index j # i such 
that qj and qj are different too, and we can define another decomposition (qr, . . . , GN) 
‘v 
4; = 4; + 2 = qi 
If 
4; = qj - 2, and 
4: = & for the remaining positions. 
On the one hand, (q’, . . . ,qN) sits “between” (ql, . . . , qN) and (4” ‘, . . . , qN), and on the 
other hand, the difference 11/(q = cqi) - $(q = cGi) is equal to the tuple 
(0 ,..., 0, A-r, 0 ,..., 0, -A.r, 0 ,..., 0). 
lil Cjl 
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But this element corresponds to 13.. r E ~j via the embedding mentioned in the proposi- 
tion. In particular, $ is defined correctly. 
Since xi L(E,) E Ker $ we obtain a map 
To construct the inverse of Ic/, let (ui, . . , u,)~Ker rc be given. Each VIE I$ = span(Ei) 
can be written as 
Ui = C q:. r (for some coefficients qt), 
FEEi 
hence, q = 2:’ 1 qi E L(E’) is a pre-image of (ul, . . . , uN). (Different decompositions of Ui 
yield elements q and 4’ which are equal modulo xi L(Ei).) 
(ii) Let an element Y E Ei n Ej G Ki n Kj be given. If we define the following open 
half space 
H+={uE[W”I(U,R-r)>O}, 
then a’ and aj are contained in H+. Hence, there exists a chain of fundamental 
generators of 0 u’ = aiO, . . . , aik = a’such that aiu~H+ (i.e. r~Ei”) and (aiU, uiU+‘) < c 
is always an edge. Cl 
Example. In the case of two-dimensional cyclic quotients X = X(n, q) we obtain 
z-$(-R) = (V, c-l v,/v,,)* &@. 
To give an explicit description 
terminology of 2.4: 
(i) V1 = [w. w”, V, = 
i 
R2 
for r 2 2 T, n_ 
[w.w*+l for ~‘= 1’ v12=w 
of the vector spaces I’,, I’,, and V12, we use the 
(ii) Vi = V, = FP, Vi2 = 0; 
(iii) Vi = V, = R2, Vi2 = [w. w’; 
(iv) Vi = V, 2 or V2 = Vi2 or Vi2 = R2. 
4.3. Let r = (a’ , . . . , ak) < CT be an arbitrary face of CJ. Then, the corresponding 
lattices are denoted by 
N, c N and M, = M/z’. 
As usual, we fix a degree REM 2~ n/r,. 
Lemma. (1) E” = En T’ generates (8 n z’) n M as a semigroup. In particular, 
span(E’) = z’. 
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(2) As soon as they are not empty, the sets E, (i = 1, . . . , k) contain E”. 
(3) Let r E E. Then, x(r) splits into a sum of elements of E(I). 
(4) Each element YE EC’) can be lifted to E. 
(5) Let Y E 6 n M. Then, z(r) E Z n M,, and for i = 1, . . . , k, the conditions “r E Ki” and 
“n(r) E K I’)” are equivalent. In particular, (3) and (4) will remain valid if we replace E and 
EC’) by Ei (or Ei n Ej) and Ey’ (or Ey’ n ES.“), respectively. 
Proof. Most of the claims are quite clear ~ we only want to prove (4): 
Let r E M be an arbitrary lift of F to the lattice M. By r = r + g. s (g $0, 
s~int(r’ n 6)) we may assume that r EC? n M, hence, r can be split into a sum 
r=rl +...+r,,, (rjEE). 
On the MT-level this means that we have found a decomposition 
F = 71(r) = 7t(rJ + ... + 7t(r,). 
Then, since FE EC’) is irreducible, there has to exist a summand rj such that F = x(rj), i.e. 
rj E E is the desired lift of F. (The remaining summands r, are contained in E’.) 0 
Corollary. Let i, j E (1, . . . , k}. Then, if vi, Vj # 0 (i.e. (a’, R), (a’, R) 2 l), we will 
obtain 
(4.4). Proposition. Let Tie be a finite-dimensional vector space. Then, all proper faces 
z < CJ are rigid (i.e. Tiz = 0). 
Proof. X, contains X, x (@*)dima-dimr as an open, dense subset, hence, the claim of 
the proposition is not very surprising. Nevertheless, we will give a proof in terms of 
our T’-formula; we use the terminology of 4.3. 
Let REM such that Ti,( -R) # 0 (R: = x(R)). Then, for 
R,:=R-g.s(gbO;s~int(r’nir)) 
we obtain the following properties: 
0 ~=Oifj~{l,...,k}; 
is a commutative diagramme involving surjections only. 
If p = (PI, . . ..Pk)E V, 0 ... @ V,/C &j is an arbitrary pre-image of a non-trivial 
element of Ti<( -R) = Ker$ (I), then $(p) will be contained in rl. Hence, we can 
254 K. AltmannJJournal of Pure and Applied Algebra 95 (1994) 239-259 
modify P by P’ = {pl - MP), pzr . . . , pk) to obtain a non-trivial element of T$#( - Rg). 
That means that TkO would have non-trivial homogeneous summands in infinitely 
many degrees R, (g ti 0), i.e. dim, T: = E. 0 n 
Theorem. Let dim X, 2 3. 
(1) If Ti is ajnite-dimensional vector space, X will be smooth in codimension 2. 
(2) If this is the case (i.e. ifall “edges” of 0 are smooth), we will obtain the formula 
Proof. (1) We apply the previous proposition to the two-dimensional faces {ai, uj} < cr. 
The corresponding toric varieties X, are two-dimensional cyclic quotient singularities, 
hence, rigidity implies smoothness. 
(2) Looking at Proposition 4.2, the only point that remains to be checked is 
Ej = K n Vj ({uj, uj) < c being a face provided). By Corollary 4.3 this question can be 
investigated on the face being fixed instead on cr. X(,,,.,i was assumed to be smooth, 
hence, ~j = F n 5 becomes trivial at this level (cf. the example in 4.2). q 
5. Applications and examples 
5.1. Let cr = (a’, . . . ,a”) be an n-dimensional simplicial cone that is smooth in 
codimension 2. Then, each pair of “vertices” yields an “edge” (a’, aj) < 0, hence, 
I 1 
* 
~~nVj+>vI + . ..+ v, . 
i,j 
If VI, . ..) V, denote the non-trivial vector spaces (equal to [a’ = 0] c [w” or E?‘), we 
will obtain the important equality 
xn jzgl vj = 1 (KnVj) (i= l,...,m- 1). 
( 1 j>i+ 1 
This means that, by induction, all elements of Ker [ VI 0 ... @ V, --+b VI + ... + VJ 
can be put into the vector space xi j K n Vj. Hence, Ti (-R) = 0 for each degree ” 
REM, i.e. X, is rigid. 
Remark. Simplicial cones B yield n-dimensional quotient singularities. Therefore, the 
rigidity of these toric varieties is a special case of the well-known result 
of Schlessiger (cf. [9]) concerning arbitrary isolated quotient singularities in dimen- 
sion 23. 
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5.2. Let 0 = (a’, . . . ,a”; b”, . . . , b”) (m, n 2 1) be an (m + n + 1)-dimensional 
such that the fundamental generators admit the relation 
255 
cone 
f AiLl’= i Cljbj (Ai,/ij >O). 
i=O j=O 
Then, the dual cone ir is the cone over the product of two simplices A” x A”, i.e. the 
fundamental generators can be listed as pairs (i, j) (i = 0, . . . ,m, j = 0, . . . , n). The 
relation between a and ir is given by 
(aP,(i,j)) =0 iff p #i and 
(bq, (i, j)) = 0 iff q #j. 
Assume that X, is smooth in codimension 2. 
Case 1: Let m, n 2 2. Then, each pair of “vertices” yields an “edge” of a, hence, 
+ 1 Cwjl n wj*) +’ (p)+(yq. 
As in 5.1 we will regard only those vector space K, ~j that are non-trivial. Our task 
will be to put them into a new, linear order Pi, . . . , PN such that 
P, l-7 
( 1 
1 PV = 1 (PP nPV). 
vtfl+ 1 vtptl 
Well, this is very easy: For N 2 3, the only condition is to put two vector spaces of the 
same type (V or IV) to the last two places Phi_ 1 and PN. The case N I 2 is trivial, 
anyway. 
Therefore, T$,( -R) = 0 for each degree REM, i.e. X, is rigid. 
Case 2: Let m 2 2, IZ = 1 (a is the cone over an (m + 1)-dimensional double simplex; 
6 is the cone over a prism). Then, {b’, b’} is the only pair of vertices that does not 
correspond to a (two-dimensional) face of a. We can proceed in the usual way (to 
reorder the non-trivial K, Wj into a chain P,, . . . , PN), but we have to achieve the 
stronger formula 
Pp n c P, = 
( 1 
c (P, n Pd. 
vt/L+ 1 v2pfl 
:p,,p”)f{W,, w,} 
If there are at least two non-vanishing vector spaces E, 4, this will be possible (put 
them to the last two places PN 1, PN). If there is at least one vector space K that is 
equal to Rm+‘, we will also succeed (put K to the place PN). Hence, only two cases are 
left to be candidat for T’( -R) # 0: 
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(a) I$ = ... = V, = 0, W,, W, # 0. This situation implies 
(a’, R) I 0 (i = 0, . . . ,m) and 
(b’, R) 2 1 (j = 0, l), 
i.e. we obtain a contradiction to the assumption I?“=, &a’ = C3=0 ~jb’ (&, ~j > 0). 
(b) I& = [ai0 = 0] c [w”, K = 0 (i # iO), W,, IV, # 0. The two vector spaces 
K,, n W,, I$, n W, c I(0 0 W, 0 WI have 0 as the intersection, hence, to compute 
rim( - R) it will be suffice to count the dimensions: 
dime T:_( - R) = dim,( &, @ I%, @ IV,) - dim.( K0 + W, + WI) 
- dim,(I$, n W,) - dim,(& n WI) 
= ([m + l] + dim W, + dim WI) - (m + 2) 
-(dim W, - 1) - (dim WI - 1) 
= 1. 
On the other hand, this situation occurs iff 
(do, R) = 1, 
(a’,R)IO (i=O ,..., m,i#&,), 
(b’, R) 2 1 (j = 0,l). 
In particular, if X, is not rigid, the following condition will be implied: 
Ai0 2 Rio + 1 Ai. (a’, R) = j!J Ai. (ai, R) 
i#io i=O 
= j$o Pj<b’,R) 2 i I*j, 
j=O 
Case 3: m = n = 1 (CJ and ir are cones over a quadrangle). This case is included in 
the investigation of the three-dimensional toric varieties (cf. 5.3). 
Remark. In a discussion with Ancus Rohr, we have observed that the class of cones 
CT= (a0 ,..., am;bo ,..., b”) considered in this section contains the general determi- 
nantal singularities (2-minors of a (m + 1) x (n + 1) matrix with general entries). They 
correspond to those cones CJ such that 
(i) ~o=...=~m=~o=...=~L,=land 
(ii) each system of m + n + 1 vectors of {a’, . . . , am; b”, . , . , b”} provides a Z-basis of 
the lattice N z iP+“+l. 
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In particular, we can see that the general determinantal singularities of dimension 
24 are rigid. 
5.3. Three-dimensional a&e toric varieties. Let 0 = (a’, . . . , aN) be a three-dimen- 
sional cone that is smooth is codimension 2 (i.e. X, admits an isolated singularity). 
Since (a’, ai”) < 0 (iEZ/NZ) are the edges of 0, we obtain 
As in the second case of 5.2, we try to count dimensions to compute T’. The sum 
xi (F$ n K+ i) is not a direct one, but we can measure the difference by the exact 
sequence 
Hence, 
dime Ti,( -R) = c dim E - 1 dim( F$ n K+ i) 
I i 
+ dim n K-dim c K . 
I (i ) 
To distinguish between some cases, let Vi, . . . , V, # 0 and Vkfl = ... = VN = 0. (The 
vertices that admit trivial vector spaces form a connected chain.) 
Case 1: k I 2. Then, T$,( -R) = 0. 
Case2:3<k<N-1. 
dimcTiO(-R)= i dim~-k~l(dim~+dimF$+, -3)+O-3 
i=l i=l 
k-l 
= 3(k - 2) - C dim K. 
i=2 
Inparticular, T&0(-R)=OiffdimF$=3fori=2,...,k-1. 
Case 3: k = N. 
dimcTiO(-RR)= 1 dimK- 1 (dimE+dimy+,-3)+dimr) K-3 
IELINZ IELJNR I 
= 3(N - 1) - i: dim 6 + dim n 5, 
i=l I 
3 for dim VI = .. . = dim VN = 3, 
2 for #{i/dim 6 = 2) = 1, 
1 for # {i ) dim q = 2) = 2, 
0 for # {i(dim q = 2) 2 3. 
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In particular, ri,( -R) = 0 iff # {i 1 dim K = 2) < 3. Otherwise, we obtain 
dim, r$*( -R) = 3(N - 1) - Cy=, dim K. 
Summary. (1) TfY, consists of homogeneous pieces Tic( -R) of two different types: 
(I) R#int 8: 
dim, Tkc(-R)= # {~EZ/NZI(U'-',R) 2 1, (a’, R)= 1, (a’+‘, R)2 l}. 
(II) R E int 6: 
dim, T&(-R) = max{O, # (~EZ/NZ 1 (a’, R) = l} - 3). 
(2) In particular, X, is not rigid iff there exists an REM such that 
(i) 3i: (a’-‘, R) 2 1, (a’, R) = 1, (a'+', R) 2 1, jj: (uj, R) IO, or 
(ii) 3i, (u = 1,2,3,4): (u’~, R) = 1. 
Example. Let (tci, -~(~,a~, -~,)EZ~ be a primitive lattice point with Cxi > 0 
(i=1,2,3,4).Then,Z4/Z~(a,, -cz~,cI~, -cc~) z Z3, i.e. we obtain an exact sequence 
Now, the cone c = (a’, a’, u3,u4) G Z3 admits the following properties: 
(1) CliUl + a3u3 = a2u2 + a4u4 (the real relation between the fundamental gener- 
ators). 
(2) There exists an REM such that (a’, R) = gi, iff a,g, + a,g, = a,g, + a,g,. 
(The fundamental generators ~‘~77~ are in the most general position that is possible 
when (1) holds.) 
X, has an isolated singularity only, iff gcd(a,, C(i+ 1 = 1) (i = 1, . ,4, ~1~ = CI~). 
We want to describe Tko for this cone: 
(i) X, admits infinitesimal deformations of type (I) iff 
alEa + a4 + Na2 + Na4 + Na3 or 
aZEal + a3 + Nal + Na, + Na, or 
C14Etll + a3 + rua1 + NE3 + Nctz. 
These conditions imply ezl 2 a2 + tz4, a3 2 01~ + 0~4, a2 2 a1 + ~3, or ~14 2 cc1 + 
c13, respectively. 
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(ii) X, admits infinitesimal deformations of type (II), iff c(r + cl3 = a2 + Q. This 
condition is equivalent to X, being Gorenstein. If this is the case, the whole space 
T& will be one-dimensional. 
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